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We present a protocol based on continuous-variable quantum teleportation and Gaussian postselection that can
be used to correct errors introduced by a lossy channel. We first show that the global transformation enacted by
the protocol is equivalent to an effective system composed of a noiseless amplification (or attenuation), and an
effective quantum channel, which can in theory have no loss and an amount of thermal noise arbitrarily small,
hence tending to an identity channel. An application of our protocol is the probabilistic purification of quantum
non-Gaussian states using only Gaussian operations.
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I. INTRODUCTION
Practical quantum communication protocols such as quan-
tum teleportation [1–8] or quantum key distribution (QKD)
[9], rely on the ability to transmit a quantum state over
an imperfect quantum channel. Loss, as a main source of
error, introduces Gaussian noise which cannot be compensated
by deterministic amplification [10]. Certain no-go theorems
[11–14] also restrict the ability of nondeterministic Gaussian
operations to help and has led to the general belief that their
utility is strictly limited. This is unfortunate because such
operations are ubiquitous, since Gaussian states are relatively
easy to produce and require simple detectors to measure their
properties [15].
While standard deterministic Gaussian operations are of
no help, loss can however be corrected using a noiseless
linear amplifier (NLA) in a quantum teleportation scheme
[16], or in addition to using a noiseless linear attenuation
applied before the quantum channel [17]. The noiseless linear
amplifier (attenuator) is a probabilistic operation described by
an unbounded operator gnˆ [18], with g  1 (g  1), which
transforms a coherent state |α〉 to [19–21]
gnˆ|α〉 = e 12 (g2−1)|α|2 |gα〉. (1)
The NLA features many interesting properties and transforms
mixed states in a nontrivial way [22,23], which can result in
a reduction of the encountered loss. It has been shown to be
useful for several applications, such as continuous-variable
QKD [24–26]. While it is in theory a Gaussian operation,
its unboundedness prevents a perfect implementation, which,
as a result, will be only approximately Gaussian. Most of
the experimental implementations are indeed based on non-
Gaussian resources such as single-photon ancilla and photon
counting [27–29], which make a practical use technically
challenging.
When a measurement is involved in a quantum informa-
tion protocol, postselection is a convenient way to improve
performances by keeping only certain outcomes. A simple
example is the retention of only certain “click” patterns
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in single photon experiments. Postselection can also be
employed in continuous-variable experiments, for instance
in continuous-variable QKD [30], or for the teleportation of
a non-Gaussian Wigner function [31]. Interestingly, it has
been shown recently that the transformation obtained using
an NLA immediately before an heterodyne measurement can
be reproduced by postselection, without the need of an actual
physical implementation of the NLA [26]. One simply needs
to keep an heterodyne result γ with a probability proportional
to
Q(γ ) = exp[1 − g−2]|γ |2. (2)
Values of g greater than 1, however, impose the use of a
cutoff and a normalization term which can rapidly decrease
the probability of success. This behavior is analogous to the
trade-off between the cutoff in Fock space necessary to have a
high fidelity and its associated low probability of success, for
a physical implementation of the NLA [32]. The postselected
implementation of the NLA appears to be a very promising
alternative for certain situations, and has been used to perform a
measurement-based distillation of entangled correlations [33].
In this article we explore the use of Gaussian postselection
in quantum teleportation and present a protocol which can
improve the properties of the channel teleported across. Under
certain circumstances it can effectively transform a lossy
channel to nearly an identity channel. As an application we
show that the protocol can be used to distill Bell states that have
been corrupted by loss. Contrary to the protocols of [16,17],
no physical implementation of the NLA or non-Gaussian
resources are required. Furthermore, although our protocol
uses a measurement-based implementation of the NLA, it
produces a propagating output state which can be further used
for quantum information protocols.
We first show that the global transformation produced by
our protocol is equivalent to an effective system composed
of a noiseless amplification (or attenuation), followed by an
effective Gaussian quantum channel with modified values of
transmission and added noise. We then consider a regime
where the teleported state effectively undergoes no loss, and an
amount of thermal noise is added which can be made arbitrarily
small by suitably choosing the gain of the postselection and
the entanglement parameter. We obtain general results for a
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noisy and lossy channel, with lengthy calculations detailed in
Appendix C.
In the second part we focus on a lossy channel without
thermal noise and we apply our results to a loop-hole-free
Bell inequality violation and its potential application to
device-independent quantum key distribution, as considered
in Ref. [34]. While the Bell inequality is not violated for the
initial lossy channel, we show that teleportation with Gaussian
postselection across the same channel can lead to values of the
Bell parameter S significantly larger than the classical bound
of 2, with a reasonable probability of success.
II. TELEPORTATION WITH GAUSSIAN POSTSELECTION
A. Protocol
The protocol is the following: suppose Alice prepares a
state ρˆin she wants to send to Bob. The available quantum
channel has a transmission T and adds some thermal noise
of variance  referred to the input, known to Alice and Bob
[Fig. 1(a)]. Both agree beforehand to use the teleportation
protocol and keep only the successful postselection events.
Bob prepares an Einstein, Podolsky, Rosen (EPR) state |χ〉 =√
1 − χ2 ∑∞n=0 χn|n〉|n〉 used for the teleportation with a
parameter 0  χ < 1, sends one mode to Alice through the
imperfect channel, and keeps the other mode. Alice performs
a dual homodyne measurement with ρˆin, and then performs
(a)
(b)
(c)
FIG. 1. (a) Initial quantum channel, with a transmission T
and equivalent input added noise , such that an input state of
variance Vin is transformed to an output state of variance Vout =
T (Vin + 1−TT + ) [38]. The channel can be modeled using a beam
splitter of transmission T and a thermal state ρˆ(λ) of variance
1 + T1−T  in the second input mode. (b) Teleportation protocol with
Gaussian postselection: Bob sends one half of an EPR state through
the imperfect channel and keeps the other half. Alice performs a
dual-homodyne measurement (dual HD) and postselection with the
state to be transmitted, and communicates the result to Bob, who
applies a corrective displacement (AM PM). (c) Equivalent effective
system: the input state is noiselessly amplified (or attenuated) with a
gain geff , and sent through a quantum channel of transmission η and
added noise 	.
the Gaussian postselection with a gain g. Assuming that she
measured the values x andp with the dual homodyne detection,
she keeps the results with a weighting function Q( x+ip√
2
),
defined by (2).
If the postselection succeeds, she classically sends the
results of the homodyne measurements to Bob, who applies a
corrective displacement to the EPR mode he kept, with a gain
φ. If the postselection fails, Alice prepares again ρˆin, and the
protocol is iterated until it succeeds. The protocol is depicted
in Fig. 1(b).
B. Effective system
We now present the main result of this article. As depicted
in Fig. 1(c), the total transformation of ρˆin can be reformulated
in term of an effective system composed of an effective NLA of
gain geff , followed by a quantum channel Lη,	 of transmission
η and excess noise 	, up to a global constant factor. For the
sake of simplicity we computed the total input added noise
χch = |(1 − η)/η| + 	, defined such that the output variance
of the channel is equal to η(Vin + χch), whereVin is the variance
at the input of the effective channel.
A summary of the approach follows with the detailed
calculations left to the Appendix B. Using the P function
it is always possible to decompose an arbitrary state into a
superposition of different displacements of the input mode. In
turn it is always possible to transform Fig. 1(b) into an effective
system for which displacements are applied instead to the EPR
state, while the input state becomes the vacuum state. The dual
homodyne detection is then equivalent to heterodyne detection
of the displaced EPR state and the effect of the Gaussian
postselection is known to be equivalent to the application of
an NLA before detection. This effective system containing an
NLA can then be solved and is found to be equivalent to the
effective channel shown in Fig. 1(c). As a check of the method,
numerical solutions of Fig. 1(b) are calculated and found to be
in excellent agreement with the effective system of Fig. 1(c).
Using this picture, Bob’s (unnormalized) output state ρˆPSout
reads
ρˆPSout =
1−χ¯2
1 − g2χ¯2 g
2Lη,	
[
gnˆeff ρˆin g
nˆ
eff
]
, (3)
where the effective parameters take the expressions
η = {χ
 − g2[φ(χ¯2 − 1) + χ]}2
(g2χ¯2 − 1)[g2(2χ¯2−1) − χ¯2] , (4)
χch = 1
η
1 + λ2B + λ2tele − 3λ2Bλ2tele(
1 − λ2B
)(
1 − λ2tele
) − 1, (5)
geff =
√
χ¯2 − g2(2χ¯2 − 1)
1 − g2χ¯2 , (6)
with λ2tele = g
2(φ−χ)2
1+g2(φ−χ¯−χ)(φ+χ¯−χ) , λ
2
B = χ2 T (−2)+2T +2 , χ =
2
√
T χ
2+T −χ2[2+(−2)T ] , and χ¯
2 = T [χ2(−2)−]
χ2[T (−2)+2]−T −2 . This result is
also valid if the input state is a multimode state, with one sent
through the channel.
Note that λB,χ, and χ¯ are only due to the imperfect initial
channel, and do not depend on the postselection. For a perfect
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channel we have λB = 0 and χ¯ = χ = χ . We can also obtain
the effective channel for the teleportation without postselection
by taking g = 1. When g < 1, the probability of success of
the postselection pPS is directly obtained by
pPS = Tr
{
ρˆPSout
}
. (7)
III. LOSS SUPPRESSION
A. Loss suppression regime
Several protocols using an NLA have been proposed to
correct loss [16,17,23], requiring a physical implementation
of noiseless linear amplification. On the other hand, our loss
suppression protocol requires only Gaussian postselection. It
aims to suppress the loss of the channel, while adding as little
thermal noise as possible. Therefore, we consider the regime
where χ and g are chosen such that η = 1, which is always
possible. Using expression (4) of η with  = 0 and φ = 1, this
condition is satisfied for a postselection gain g = gopt given by
g2opt =
(1 − T )T χ4
1−2√T χ−2(1−T )χ2 + 2√T χ3 + (1−T −T 2)χ4 .
(8)
Using this optimal gain, the effective noise 	 takes a simple
expression, given by
	 = 2(1 − T )χ
2
1 − χ2 . (9)
As we see, the best strategy is not to use the strongest
entanglement as is the case without postselection, but rather
a very weak one since 	 tends to zero when χ tends to
zero. In this regime, gopt also tends to zero. This behavior
is the cornerstone of our protocol, and shows more rigorously
that the effective noise can be made arbitrarily small using
the postselection. Since η is always set to 1, the effective
channel therefore tends to an identity channel. Note that we
have taken a classical gain φ = 1, as this value also leads to a
unit transmission regime without postselection, where η = φ2.
However, as g decreases, the dependence on φ becomes less
and less significant.
Without postselection however, in the unit transmission
regime the effective noise reads
	g=1 = 2(1 −
√
T χ )2
1 − χ2 , (10)
which tends to 2 units of shot noise when χ → 0. 	g=1 can
tend to zero only if T = 1 and χ → 1, which corresponds to
a perfect teleportation over a perfect channel.
Using gopt, the effective gain is given by
geff =
√
T χ (1 − √T χ )
1 − √T χ + (T − 1)χ2 , (11)
and also tends to zero when χ → 0. If the input state is an
eigenstate of the effective NLA, such as a Fock state, this
property will only affect the probability of success of the
transformation. On the other hand, if the input state is modified
by the effective NLA, different strategies would need to be used
to incorporate this effect.
(a)
(b)
(c)
FIG. 2. Bell test with a maximally entangled state |ψ〉 (12). (a)
Initial lossy channel. (b) Channel purified using teleportation and
postselection. (c) Effective picture of (b), in the unit transmission
regime (η = 1). Two channels are pictured as |ψ〉 has two independent
modes H and V .
B. Entanglement distillation of Bell states
We now present an application of our protocol to distill
the entanglement of a maximally entangled discrete-variable
state after a lossy channel. While Gaussian states cannot be
distilled using only Gaussian operations [12–14], these no-
go theorem do not hold for non-Gaussian states. We show
that the distilled state can violate a Clauser, Horn, Shimony,
Holt (CHSH) inequality, and we characterize the entanglement
using the concurrence [35].
Let us start from a maximally polarization-entangled state
|ψ〉 = 1√
2
(|1〉H |1〉H + |1〉V |1〉V ), (12)
following the protocol of [34]. This state could, for instance,
be produced using two two-mode squeezed vacuums and a
single-photon measurement [39]. One half of |ψ〉 is sent to
Alice, and the other half is sent to Bob through a lossy channel
of transmission T . We consider two cases: either Bob directly
measures the output state of the channel [Fig. 2(a)], or he
uses two teleporters with postselection to purify the modes V
and H [Fig. 2(b)]. In both cases, Alice randomly chooses her
measurement among
ˆA1 = (σˆz + σˆx)/
√
2, ˆA2 = (σˆz−σˆx)/
√
2, (13)
and Bob randomly chooses his measurement among
ˆB1 = σˆz, ˆB2 = σˆx, (14)
as shown in Fig. 2. Each of these measurements have ±1
outputs.
Alice and Bob’s detectors are assumed to be unit efficiency
and photon-number resolving. Alice will therefore always
measure one photon and obtain a conclusive event. Bob,
however, may obtain zero photon because of the loss, or more
than one photon when using the teleportation protocol. In
that case, the correlations with Alice are neglected and the
measurements are discarded for simplicity, but the proportion
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of those inconclusive events is taken into account since we do
not make the fair sampling assumption. We denote by ploss(ptele ) the probability that Bob’s reduced state after the initial
lossy channel (after the initial lossy channel corrected using the
teleporter) is in the subspaceHB1 = span{|1〉H ,|1〉V } containing
exactly one photon.
The CHSH quantity for the conclusive events is obtained
by computing the average value of the operator
ˆS = ˆA1( ˆB1 + ˆB2) + ˆA2( ˆB1 − ˆB2) (15)
when restricting Bob’s state to the HB1 subspace. As detailed
in the Appendix D, the averaged values S loss (S tele) obtained
with the lossy channel only (with the teleporter) are then given
by
S loss = ploss S loss = T 2
√
2, (16)
S tele = ptele S tele =
2
√
2(
1 + 	2
)4 , (17)
where 	 is given by (9). The concurrences Closs = ploss C loss
and C tele = ptele C tele are obtained using the same technique.
Note that there is no correlation between Alice and Bob
when a photon is lost before Bob’s detector, and therefore the
correlations are not underestimated in that case. With the tele-
porter protocol however, a higher number of photons may still
have some correlations with Alice’s photon, so our approach
simply provides a lower bound for S tele and C tele. Note also that
discarding the unsuccessful postselections does not imply a
fair sampling assumption, since Bob chooses his measurement
only when the postselection succeeds, as used in [34,36].
The CHSH quantity S loss and S tele are shown in Fig. 3(a). In
the limit χ→0, it is straightforward to see that S tele → 2√2,
since the effective channel tends to the identity channel
(	 → 0), and since the effective NLA has no effect on
|ψ〉 and simply contributes to the probability of success of
postselection. Although theoretically interesting, this limit
naturally corresponds to a zero probability of success. On
the other hand, for nonzero values of χ , it is also possible to
observe a violation of the CHSH inequality, with S tele > 2,
whereas S loss < 2 as shown in Fig. 3(a). As a concrete
example, consider a transmission T = 0.5, and χ = 0.31.
We have S loss = 1.4, while S tele = 2.3. This corresponds to
a probability of success of postselection as high as 1 × 10−6,
as shown in Fig. 3(b). The concurrence is also increased, from
C loss = 0.5 to C tele = 0.81.
Note that the mechanism of the channel purification can
be understood using a simple picture in the limit g → 0.
Indeed, this corresponds to postselecting on the outcome
x = p = 0 for the Bell measurement. Equation (A10) in
Appendix A shows that this is equivalent to projecting the
two measured modes (which we name in and b1) onto an
infinitely squeezed two-mode EPR state |EPR〉in,b1 ∝ |00〉 +
|11〉 + · · · . In the limit of small values of χ , the EPR state
used for the teleportation will be |χ〉b1,b2 ∝ |00〉 + χ |11〉. The
lossy channel transforms it to a state |χ,E〉b1,b2,e ∝ |00〉|0〉 +
χ (√T |11〉|0〉 + √1 − T |10〉|1〉), where the third mode corre-
sponds to the photon lost in the environment. Assuming that
the state to be teleported is a single photon |1〉in, the teleported
S>2
(a)
(b)
FIG. 3. (a) CHSH quantities S tele (solid line) and S loss (dashed
line). (b) Probability of success of the two postselection for the
input state |ψ〉, obtained using (7). For both figures, the optimal
postselection gain (8) is used for each values of χ , and T = 0.5.
state is given by 〈EPR|in,b1 |1〉in|χ,E〉b1,b2,e ∝ |1〉b2 |0〉e which
corresponds to a perfectly teleported single photon.
IV. CONCLUSION
Quantum teleportation with Gaussian postselection can
convert a lossy channel to an effective lossless channel with
a small addition of excess thermal noise, preceded by an
effective NLA with a gain smaller than 1. This result does not
depend on the input state, and is also valid for non-Gaussian
entangled states.
Certain pure states such as the Bell state considered in this
article are not transformed by the effective NLA. However,
they benefit from the effective channel improvement, which
can be made arbitrarily close to an identity channel. Using
this property, we have shown that our protocol can be used
to distill discrete-variable entanglement and violate a CHSH
inequality, which could have concrete application for device-
independent quantum key distribution. Contrary to standard
distillation protocols [37], our scheme does not require the use
of quantum memories.
This result is not in contradiction with the no-go the-
orems [11–14], since we considered the purification of a
non-Gaussian state. Any Gaussian state will be modified
by the effective NLA, with its entanglement reduced since
we considered the regime where g < 1, which therefore
compensates the improvement of the channel for those states.
Strategies that can be used to overcome this issue will be the
subject of a future publication.
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APPENDIX A: PRELIMINARY RESULTS
In this Appendix we detail the calculation of the results
used in the main text. We assume that the input state to be
teleported is described by a mode aˆ, whereas the half of the
EPR state used for the Bell measurement is described by a
mode ˆb. A symmetric beam splitter (BS) described by an
operator ˆUBS = exp[θ (aˆ† ˆb − aˆ ˆb†)] [40] mixes the two modes,
with θ = π/4, and homodyne detections are performed on the
two outputs, measuring the ˆP quadrature on the mode aˆ (noted
ˆPa) and the ˆX quadrature on the mode ˆb (noted ˆXb). In the
following, the subscripts a and b will always refer to the modes
aˆ and ˆb. A given outcome (p,x) of the measurements is thus
described by the operator
ˆE(p,x) = 〈p|a〈x|b ˆUBS, (A1)
where 〈p|a and 〈x|b, respectively, correspond to eigenstates
of the ˆPa and ˆXb quadratures. When the input mode aˆ is the
vacuum |0〉a,〈p|a〈x|b ˆUBS|0〉a corresponds to an heterodyne
measurement on the mode ˆb, and it is therefore possible to
emulate an NLA using postselection [26]. When the mode aˆ
is not empty, however, this equivalence is not straightforward.
A particular case is when the mode aˆ is in a coherent
state |α〉 = ˆDa(α)|0〉a , where ˆDa is the displacement operator
in the phase space. For the mode ˆb, this corresponds to the
operation 〈p|a〈x|b ˆUBS ˆDa(α)|0〉a . As shown in the following,
and illustrated in Fig. 4(a), this displacement can be moved to
the mode ˆb,
〈x|b〈p|a ˆUBS ˆDa(α)|0〉a
= 〈x|b〈p|a ˆUBS|0〉a ˆDb(−α∗)e−4i Im(γα), (A2)
which corresponds now to an heterodyne measurement on the
mode ˆb up to a phase factor
〈x|b〈p|a ˆUBS|0〉a = 1√
2π
〈2γ |, (A3)
where we defined
γ = x + ip
2
√
2
. (A4)
Using this equivalence we can apply a Gaussian postselection
on the values 2γ as illustrated in Fig. 4(b).
1. Moving the displacement
We know detail the calculation leading to (A2).
a. Simplification of the measurement operator
Let us first simplify the expression (A1). According to the
normalization of the vacuum noise [41] ˆXa = aˆ + aˆ† and ˆPa =
i(aˆ† − aˆ). The infinitely squeezed states |p〉a and |x〉b can be
obtained by displacing the infinitely squeezed vacuums,
ˆDa(ip/2)|0〉a,p = |p〉a, (A5a)
ˆDb(x/2)|0〉b,x = |x〉b, (A5b)
(a)
(b)
(c)
FIG. 4. (a) Illustration of the relation (A2), without the phase factor. (b) Equivalence between the postselection using the filter function
Q(2γ ) with 2γ = x+ip√2 , and an NLA. (c) Equivalences (a) and (b) used to compute the output state (B17).
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where |0〉a,p and |0〉b,x are, respectively, the eigenstates of
ˆPa and ˆXb with the zero value. Note that the factor 2 in the
displacements comes from the relation between a coherent
state and its quadratures: 〈 ˆX〉 + i〈 ˆP 〉 = 2〈aˆ〉. The Hermitian
conjugate of (A1) is therefore given by
ˆU
†
BS|p〉a|x〉b = ˆU †BS ˆDa(ip/2) ˆDb(x/2)|0〉a,p|0〉b,x . (A6)
Inserting the identity ˆUBS ˆU †BS = I two times, and
since ˆU †BS ˆDa(ip/2) ˆUBS = ˆDa(ip/2
√
2) ˆDb(ip/2
√
2) and
ˆU
†
BS
ˆDb(x/2) ˆUBS = ˆDa(−x/2
√
2) ˆDb(x/2
√
2), we finally
obtain
ˆU
†
BS|p〉a|x〉b = ˆDa(−γ ∗) ˆDb(γ ) ˆU †BS|0〉a,p|0〉b,x . (A7)
The last step is to show that ˆU †BS|0〉a,p|0〉b,x is equal to an
infinitely squeezed EPR state, with the squeezed quadratures
being ˆXa− ˆXb and ˆPa+ ˆPb. A (physical) single-mode squeezed
vacuum along the ˆX quadrature is obtained by applying the
squeezing operator ˆS(r) = exp[ r2 (aˆ2 − aˆ†2)] on the vacuum,
while a squeezed state along the ˆP quadrature is obtained
using ˆS(−r).
This leads to
ˆU
†
BS
ˆSa(−r) ˆSb(r)|0〉 = exp[raˆ† ˆb† − raˆ ˆb]|0〉, (A8)
which is a two-mode squeezed state along ˆXa − ˆXb and ˆPa +
ˆPb. In the limit of infinite squeezing (r → ∞), the state (A8)
becomes a perfectly correlated EPR state
|EPR〉 ∝
∫
dy |y〉a|y〉b, (A9)
where |y〉a and |y〉b are eigenstates of ˆXa and ˆXb. In
conclusion, we have therefore shown that
ˆU
†
BS|p〉a|xb〉 = ˆDa(−γ ∗) ˆDb(γ )|EPR〉. (A10)
b Moving the displacement
We now use (A10) to show (A2). The first step is to
see the effect of an arbitrary displacement ˆD(α) on an
eigenstate |y〉 of ˆX. Introducing α = u + iv, since ˆD(α) =
ˆD(iv) ˆD(u) exp(−iuv), one shows that
ˆD(α)|y〉 = eiv(y+u)|y + 2u〉, (A11)
using the expression |y〉 = 12√π
∫
dp e−i
yp
2 |p〉 in the ˆP eigen-
states basis.
Using (A11), it is straightforward to show that the displace-
ment on an infinitely squeezed EPR state reads
ˆDa(α)|EPR〉 ∝
∫
dy ˆDa(α)|y〉a|y〉b (A12a)
=
∫
dy ′ ˆDb(−α∗)|y ′〉a|y ′〉b, (A12b)
where |y ′〉a and |y ′〉b are also eigenstates of ˆXa and ˆXb, and
therefore we obtain
ˆDa(α)|EPR〉 = ˆDb(−α∗)|EPR〉. (A13)
Consider now the state given by Eq. (A10), on which we
apply a displacement ˆDa(α) on the mode aˆ, producing the
state ˆDa(α) ˆDa(−γ ∗) ˆDb(γ )|EPR〉. The two displacements on
the mode aˆ can now be commuted using ˆDa(α) ˆDa(−γ ∗) =
e−2i Im(αγ ) ˆDa(−γ ∗) ˆDa(α). We then use the relation (A13) to
move the displacement ˆDa(α) on the mode ˆb:
ˆDa(α) ˆDa(−γ ∗) ˆDb(γ )|EPR〉
= e−2i Im(αγ ) ˆDa(−γ ∗) ˆDb(γ ) ˆDb(−α∗)|EPR〉. (A14)
Commuting again the two displacements on the mode ˆb, in or-
der to re-obtain the expression of the heterodyne measurement,
we finally obtain
ˆDa(α) ˆDa(−γ ∗) ˆDb(γ )|EPR〉
= e−4i Im(γα) ˆDb(−α∗) ˆDa(−γ ∗) ˆDb(γ )|EPR〉, (A15)
and therefore we have shown that
ˆDa(α) ˆU †BS|p〉a|x〉b = e−4i Im(γα) ˆDb(−α∗) ˆU †BS|p〉a|x〉b.
(A16)
Taking the Hermitian conjugate of (A16) and changing α to
−α leads to Eq. (A2).
2. Homodyne and heterodyne measurements
a. Equivalent heterodyne measurement
It is well known that a dual homodyne detection measuring
the ˆX and ˆP quadratures corresponds to an heterodyne
detection, and therefore a projection on a coherent state [15].
However, one has to be careful that the different prefactors are
consistent with the vacuum noise convention.
Using the fact that ˆUBS can be expended as [40] ˆUBS =
exp[aˆ† ˆb tan θ ] exp[−(aˆ†aˆ − ˆb† ˆb) ln(cos θ )] exp[−aˆ ˆb† tan θ ],
with θ = π/4 for a symmetric BS, we first have
ˆUBS|0〉a = eaˆ† ˆb(1/
√
2)nˆb |0〉a . Using the Fock basis
decomposition of |x〉,|x〉 = ∑n ψn(x)|n〉, where ψn(x) =
e−x2/4
(2π)1/4√2nn!Hn(x/
√
2), and since the state |p〉 can be obtained
with a rotation of π/2 of an eigenstate of ˆX with the same
value, we have |p〉 = ei π2 nˆ|x = p〉 = ∑n ψn(p)in|n〉, where
|x = p〉 denotes an eigenstate of ˆX with the value p. Using
those expression to express 〈x|b〈p|a ˆUBS|0〉a , a long but
straightforward calculation leads to (A3):
〈x|b〈p|a ˆUBS|0〉a = 1√
2π
〈2γ |, (A17)
with γ = x+ip
2
√
2
.
b. Considerations on the norm
When integrating over the heterodyne measurements, one
has to be careful that what is measured is actually x and p.
Suppose that we have an input state |ψ〉 in mode b. Then, using∫
dx |x〉〈x|= ∫ dp |p〉〈p|=I, we have the following property:∫
dxdp 〈ψ |〈0|a ˆU †BS|x〉b|p〉a〈x|b〈p|a ˆUBS|0〉a|ψ〉
= 〈ψ |〈0|a ˆU †BS
[∫
dx|x〉b〈x|b
]
⊗
[∫
dp|p〉a〈p|a
]
ˆUBS|0〉a|ψ〉 (A18a)
= 〈ψ |ψ〉〈0|0〉a (A18b)
= 1. (A18c)
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This shows that, when integrating over x and p, the norm
of the state corresponds to a normalized probability density.
However, by the definition of γ , we have dxdp = (2√2)2d2γ .
Therefore, an integration over γ must be multiplied by
(2√2)2 = 8 to be correctly normalized.
APPENDIX B: TELEPORTATION OF A COHERENT STATE
1. Particular homodyne outcome
Since an arbitrary single-mode input state ρˆin to be
teleported can be expressed using the P function [42],
ρˆin =
∫
d2α Pin(α)|α〉〈α|, (B1)
and since all the transformations are linear, the knowledge
of the postselected teleportation of an arbitrary coherent state
input is sufficient to obtain the postselected teleportation of
ρˆin. Let us therefore consider an input state |α〉〈α|, and use
Eqs. (A2) and (A3). We note ρˆth(λ) a single-mode thermal
state of variance 1+λ21−λ2 , with a decomposition
ρˆth(λ) = 1
π
1−λ2
λ2
∫
d2α e−
1−λ2
λ2
|α|2 |α〉〈α|, (B2)
= (1−λ2)
∑
n
λ2n|n〉〈n|. (B3)
Assuming the configuration depicted in Fig. 1 in the main
text, Bob sends on half of the EPR state |χ〉 to Alice through
the quantum channel of transmission T and input excess noise
, and keeps the other half. The covariance matrix of this
two-mode state after the channel reads [15]
AB =
(
A C
C B
)
, (B4)
where A = T (VEPR + 1−TT + )I,C=
√
T (V 2EPR − 1)Z,B =
VEPRI,VEPR = 1+χ21−χ2 ,I = diag(1,1) and Z = diag(1,−1). As
shown above, the displacement ˆD(α) creating |α〉〈α| can
be moved to Alice’s EPR state mode using (A2). The Bell
measurement is now equivalent to a displacement ˆD(−α∗)
on the EPR mode sent to Alice, followed by a projection
〈2γ |/√2π , with 2γ = (x + ip)/√2.
As will be explained in the following, the Gaussian
postselection is equivalent to an NLA gnˆ placed between the
heterodyne detection and this displacement, up to a factor g2.
We can therefore use this simpler picture to compute the output
state. Applying this NLA and then the displacement on 〈2γ |
gives
〈2γ |gnˆ ˆD(−α∗) = e 12 4|γ |2(g2−1)〈2gγ + α∗|. (B5)
We can therefore obtain Bob’s reduced state ρˆB(β), for a
particular heterodyne outcome, by considering the projection
on a coherent state β = βx + iβp = 2gγ + α∗. Its covariance
matrix does not depend on β, and is given by [15]
γB = B − C(A + I)−1C = VBI, (B6)
where
VB = T + VEPR[2 + ( − 1)T ]2 + T (−1 + VEPR+) . (B7)
We define
λB = χ
√
T ( − 2) + 2
T  + 2 (B8)
such that VB = 1+λ
2
B
1−λ2B
. Let us note that in the absence of loss
and noise, VB = 1 and we recover the well known fact that
ρˆB(β) is a coherent state [15].
Noting m = √2(βx,βp)T , Bob’s displacement vector dout
reads [43]
dout =
√
2C(A + I)−1m = 2χ(βx, − βp)T , (B9)
where
χ = 2
√
T χ
2 + T  − χ2[2 + ( − 2)T ] . (B10)
Since Bob’s corrective displacement is unitary, the normal-
ization of ρˆB(β) comes only from Alice’s measurement and
from the NLA, and can therefore be obtained by considering
only the norm of Alice’s reduced state, which is a thermal state
ρˆth(χ¯) of covariance matrix A, with
χ¯ =
√
T [χ2( − 2) − ]
χ2[T ( − 2) + 2] − T  − 2 . (B11)
This gives a straightforward way to obtain the normalization
term, using the decomposition (B3):
1
2π
〈β|ρˆth(χ¯)|β〉 = 12π (1 − χ¯
2)e(χ¯2−1)|β|2 . (B12)
In conclusion, after including the coefficient due to the
NLA, we obtain that ρˆB(β) is finally given by
ρˆB(β) = N (α,γ ) ˆD(χβ∗)ρˆth(λB) ˆD†(χβ∗), (B13)
with
N (α,γ ) = e4|γ |2(g2−1) 1
2π
(1−χ¯2)e(χ¯2−1)|β|2 . (B14)
Note that χ = χ¯ = χ for a perfect quantum channel.
2. Average over homodyne outcome
The next step of the protocol is that Alice communicates the
value of γ to Bob, who applies a displacement ˆD(−2gγ ∗φ)
using a classical gain φ. Assuming that we average over γ , the
transformation of |α〉〈α| is finally given by
σˆNLA(α) = 8
∫
d2γ N (α,γ ) ˆD(−2gγ ∗φ)ρˆB(β) ˆD(+2gγ ∗φ).
(B15)
As explained before, a factor 8 has to be introduced since
we integrate over γ instead of on the individual homodyne
measurements x and p.
We can now see from (B15) that the postselection is
equivalent to an NLA with an additional factor g2. Follow-
ing the method of [26], the postselection is implemented
by weighting each heterodyne outcome with the function
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Q(2γ ) = e4|γ |2(1−g−2). With a change of variable γ = gγ¯ in
(B15), it is straightforward to show that the
σˆPS(α) = g2σˆNLA(α). (B16)
This term g2 has a simple interpretation: in the postselection
case, the integration is done over the measured heterodyne
outcomes, which are interpreted as being already amplified,
whereas in the “physical” implementation where the NLA
amplifies the measured state, the integration is done over
the unamplified heterodyne outcomes. The postselection is
therefore equivalent to the action of gnˆ+1 before the heterodyne
detection.
Using the expression (B13) of ρˆB(β), introducing ζ =
2gγ ∗(χ − φ) + χα and d2γ = d2ζ4g2(χ−φ)2 , the state σˆNLA(α)
explicitly reads
σˆNLA(α) = 81 − χ¯
2
2π
1
4g2(χ − φ)2
∫
d2ζ
[
e
4|ζ−χα|2
4g2(χ−φ)2 (g
2−1)
× e| ζ−χ
α
χ−φ +α|2(χ¯2−1) ˆD(ζ )ρˆth(λB) ˆD(−ζ )
]
. (B17)
3. Towards the effective system
Since the whole process including the postselection and
the teleportation is Gaussian, and acting symmetrically on
both quadratures, one can expect to write σˆNLA(α) as a
displaced thermal state, with a variance that we note Vout and
a displacement Gα, following the same method as [23]. Vout
will be the result of two contributions: the first one is the noise
B due to the imperfect channel for each homodyne outcome,
contained in VB := 1 + B (B7), which is independent of the
classical gain φ. The second term, which we note tele, results
mainly from the integration over ζ , and depends on φ. In
order to simplify the calculations, we keep separated those
two contributions as
Vout = 1 + B + tele. (B18)
Writing tele as
tele = 1 + λ
2
tele
1 − λ2tele
− 1, (B19)
we should therefore have
σˆNLA(α) ∝ 1
π
1 − λ2tele
λ2tele
∫
d2ζ
[
e
− 1−λ
2
tele
λ2tele
|ζ−Gα|2
× ˆD(ζ )ρˆth(λB) ˆD(−ζ )
]
. (B20)
This expression can be obtained if the following conditions are
satisfied, respectively for the exponential coefficients of |ζ |2
and ζ ∗α:
g2 − 1
g2(χ − φ)2 +
χ¯2 − 1
(χ − φ)2 = −
1 − λ2tele
λ2tele
, (B21)
− (g
2 − 1)χ
g2(χ − φ)2 +
χ¯2 − 1
χ − φ
(
1 − χ

χ − φ
)
= +1 − λ
2
tele
λ2tele
G.
(B22)
Note that we do not impose the same condition for |α|2,
since there can be an α-dependent term coming from an
effective NLA. To account for this, we introduce an additional
term , such that
−1 − λ
2
tele
λ2tele
G2 + 
= (χ¯2 − 1)
(
1 − χ

χ − φ
)2
+ (g
2 − 1)χ2
g2(χ − φ)2 . (B23)
Solving Eqs. (B21) and (B22) gives
λ2tele =
g2(φ − χ)2
1 + g2(φ − χ¯ − χ)(φ + χ¯ − χ) , (B24)
G = χ
 − g2[φ(χ¯2 − 1) + χ]
1 − g2χ¯2 . (B25)
Note thatG = φ wheng = 1. Insertingλtele andG in Eq. (B23)
gives
 = (g
2 − 1)(1 − χ¯2)
1 − g2χ¯2 . (B26)
Interestingly, this term does not depend on φ: it is a global
factor, and does not depend on α. It can be rewritten in term
of a gain geff such that,
 = g2eff − 1, (B27)
with
geff =
√
χ¯2 − g2(2χ¯2 − 1)
1 − g2χ¯2 . (B28)
Note also that (B21) leads to
1
g2(χ − φ)2 =
1
1 − g2χ¯2
1 − λ2tele
λ2tele
, (B29)
which gives the factor needed for the correct normalization of
the displaced thermal state. Defining λout such that
Vout = 1 + λ
2
out
1 − λ2out
, (B30)
one easily shows that
λ2out =
λ2B + λ2tele − 2λ2Bλ2tele
1 − λ2Bλ2tele
. (B31)
In conclusion, adding the g2 term from the postselection, we
obtain the total and unnormalized transformation of a coherent
state using the Gaussian postselection:
|α〉〈α| → σˆPS(α) = 1−χ¯
2
1−g2χ¯2 g
2 e(g
2
eff−1)|α|2
× ˆD(Gα)ρˆth(λout) ˆD(−Gα). (B32)
APPENDIX C: EFFECTIVE SYSTEM
The transformation (B32) can be usefully rewritten in a
more general way, independent ofα, using an effective channel
and an effective NLA. Let us assume that the exponential term
comes from an NLA of gain geff . This NLA would perform
012326-8
CHANNEL PURIFICATION VIA CONTINUOUS-VARIABLE . . . PHYSICAL REVIEW A 93, 012326 (2016)
the transformation
|α〉〈α| → e(g2eff−1)|α|2 |geffα〉〈geffα|. (C1)
This state has still a variance equal to 1. If this state is sent
through a quantum channel of transmission η (which can
be smaller than 1 for a lossy channel, or greater than 1 for
a deterministic linear amplification), its mean amplitude is
transformed to √ηgeffα. If η is such that
√
η = G
geff
, (C2)
the output state has the same mean amplitude as σˆPS(α).
Defining the total equivalent input noise of the channel χch,
the state after the channel has the same variance as σˆPS(α) if
η (1 + χch) = Vout. (C3)
Note that the term 1 in the left-hand side of (C3) comes from
the variance of the input coherent state. Using Eqs. (B25) and
(B28) in Eq. (C2) leads to
η = {χ
 − g2[φ(χ¯2 − 1) + χ]}2
(g2χ¯2 − 1)[g2(2χ¯2 − 1) − χ¯2] , (C4)
where χ and χ¯ are, respectively, given by (B10) and (B11).
Then, using Eqs. (B30), (B31), (B24), (B8), and (C4) in
Eq. (C3) leads to
χch = 1
η
1 + λ2B + λ2tele − 3λ2Bλ2tele(
1 − λ2B
)(
1 − λ2tele
) − 1. (C5)
This total input noise can be interpreted as being composed
of the term | 1−η
η
| due to the loss or to the amplification, and of
some excess noise 	 defined such that
χch =
∣∣∣∣1 − ηη
∣∣∣∣+ 	. (C6)
Note that the explicit expression of 	 is not given here due to
its length.
In conclusion, we can find the parameters such that the
transformation (B32) is given by an effective NLA of gain
geff , followed by a quantum channel of transmission η and
excess noise 	, up to a constant factor independent of the
input state. Describing the quantum channel by an operator
Lη,	,σˆPS(α) reads
σˆPS(α) = 1 − χ¯
2
1 − g2χ¯2 g
2Lη,	
[
gnˆeff |α〉〈α| gnˆeff
]
. (C7)
The total (unnormalized) output state, obtained by postse-
lection and teleportation, is finally given by
ρˆPSout =
∫
d2α Pin(α)σˆPS(α) (C8a)
= 1 − χ¯
2
1 − g2χ¯2 g
2Lη,	
[
gnˆeff ρˆin g
nˆ
eff
]
. (C8b)
We stress that we kept all the normalization factors in the
derivation of (C8b), ant that the effective system is still valid
for multimode or non-Gaussian states. Note also that Fig. 1(c)
in the main text assumes that η  1 for simplicity, which is
the regime considered in the main text.
APPENDIX D: DETAILS OF CALCULATION OF S
The calculation of S loss and S tele are obtained by computing
the average values of the Bell operator
ˆS = ˆA1( ˆB1 + ˆB2) + ˆA2( ˆB1 − ˆB2) (D1)
= 1√
2
[(σˆz + σˆx)⊗(σˆz + σˆx) + (σˆz − σˆx) ⊗ (σˆz − σˆx)]
(D2)
for Bob’s reduced state within the subspace HB1 =
span{|1〉H ,|1〉V } containing exactly one photon.
1. Loss only
In presence of loss only, Bob’s photon can only be either
transmitted with a probability T , either lost with a probability
1 − T . In the first case, Bob’s reduced state is within HB1 , and
the two-mode state is equal to |ψ〉, whereas in the second case
Bob’s reduced state has no component within HB1 . Therefore,
S loss = 2
√
2,ploss = T , and
S loss = T 2
√
2, (D3)
which is greater than 2 when T  0.71. Note that the loss
threshold is usually found to be 0.83 in the literature, but
this assumes that the loss are symmetric for Alice and Bob.
It also assumes that they establish a determined value for
their inclusive outcomes, which leads to correlations when
their measurements are both inconclusive. In our case, Alice’s
measurements are always conclusive, so there is no need for
such a strategy. Even if Bob assigns a determined value to his
inconclusive outcomes, there will not be any correlation with
Alice’s.
2. Teleporter and postselection
We recall that the teleporter with Gaussian postselection in
the unit transmission regime is equivalent to an effective NLA
of gain geff , followed by an addition of thermal noise 	. Since
the effective NLA does not modify |ψ〉, it will only affect the
probability of success.
We write the single-photon states explicitly as a two-mode
state,
|1〉H ≡ |1〉b1 |0〉b2 , |1〉V ≡ |0〉b1 |1〉b2 . (D4)
The modes b1 and b2 can be interpreted as two spatial
modes, which are corrected using a teleporter with Gaussian
postselection.
Interpreting the Gaussian noise as a random displacement
[44], the normalized output state of the two effective channels
is given by
ρˆ =
(
1
π	ch
)2 ∫
d2γ d2β e
− 1
	ch
|γ |2− 1
	ch
|β|2
× ˆDb1 (γ ) ˆDb2 (β)|ψ〉〈ψ | ˆD†b1 (γ ) ˆD
†
b2
(β), (D5)
where 	ch = 	/2.
Due to the thermal noise, Bob’s reduced state contains terms
which do not contribute to the successful events and are not
within HB1 . A simple way to obtain the contributing terms is
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to use the projector
ˆ = IAlice ⊗ [|1〉〈1|H + |1〉〈1|V ]. (D6)
The projection of ρˆ in HB1 now writes
ρˆ ′ = ˆρˆ ˆ, (D7)
and can be expressed as
ρˆ ′ =
(
1
π	ch
)2 ∫
d2γ d2β e
− 1
	ch
|γ |2− 1
	ch
|β|2
ρˆ(γ,β), (D8)
with
ρˆ(γ,β) = ˆ ˆDb1 (γ ) ˆDb2 (β)|ψ〉〈ψ | ˆD†b1 (γ ) ˆD
†
b2
(β) ˆ. (D9)
Long but straightforward calculation gives
ptele = Tr{ρˆ ′} (D10)
= 1 +
	2
2(
1 + 	2
)4 . (D11)
Normalizing ρˆ ′ and defining
ρˆ = 1
ptele
ρˆ ′, (D12)
we have
S tele = Tr{ ˆSρˆ} =
2
√
2
1 + 	22
. (D13)
The CHSH quantity S tele is finally given by
S tele = ptele S tele =
2
√
2(
1 + 	2
)4 , (D14)
which is greater than 2 when 	  0.18.
APPENDIX E: DETAILS OF CALCULATION
OF THE CONCURRENCE
For a two-qubit state ρˆ, let us define [35]
ρˆ = (σˆy ⊗ σˆy)ρˆT (σˆy ⊗ σˆy), (E1)
with σy = (0 −ii 0 ), and let {λk} be the decreasing ordered
eigenvalues of ρˆρˆ. The concurrence C is given by
C = max(0,
√
λ1 −
√
λ2 −
√
λ3 −
√
λ4), (E2)
and equals 1 for a maximally entangled state and 0 for an
unentangled state. We consider here a measure of entanglement
linked with the CHSH inequality, that is, restricted to the
successful events. Therefore, we use an “averaged” version of
the concurrence C, whose value is computed for the projection
of Bob’s state within HB1 , and weighted by the probability of
success to belong to that subspace:
Closs = ploss C loss , (E3)
Ctele = ptele C tele . (E4)
1. Loss only
Since the concurrence of a maximally entangled state is
equal to 1, we have C loss = 1, and therefore
Closs = T . (E5)
2. Teleporter and postselection
Following the same method as for the CHSH quantity, the
concurrence C tele is obtained using the definition (E2) with the
state ρˆ. Again, long but straightforward calculation gives
C tele =
3
	2 + 2 −
1
2
, (E6)
and therefore
Ctele = ptele C tele =
1 − 	2(
1 + 	2
)3 . (E7)
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